NON-NEGATIVELY CURVED KAHLER MANIFOLDS 
WITH AVERAGE QUADRATIC CURVATURE DECAY 

ALBERT CHAU AND LUEN-FAI TAM^ 

Abstract. Let {M,g) be a complete non compact Kahler mani- 
fold with non-negative and bounded holomorphic bisectional cur- 
vature. Extending our techniques developed in [5], we prove that 
the universal cover M of M is biholomorphic to provided either 
that {M, g) has average quadratic curvature decay, or M supports 
an eternal solution to the Kahlcr-Ricci flow with non-negative and 
uniformly bounded holomorphic bisectional curvature. We also 
classify certain local limits arising from the Kahler-Ricci flow in 
the absence of uniform estimates on the injectivity radius. 



1. Introduction 

The relation between the geometry and the complex structure of a 
complete Kahler manifold with positive holomorphic bisectional curva- 
ture has long been studied. It has been conjectured that such a simply 
connected Kahler manifold M" is biholomorphic to either CP" or C" 
depending on whether M" is respectively compact or non-compact. If 
M" is compact the conjecture was due to Frankel and was later inde- 
pendently solved by Mori |2Z] and Siu-Yau jH]. If M" is non-compact, 
the conjecture is due to Yau [13] and remains unsolved. Several authors 
have worked on Yau's conjecture and we refer to ^ for a review of past 
results. In jH] the authors proved the following result supporting Yau's 
conjecture 

Theorem 1.1. Let {M"','g) he a complete noncompact Kahler manifold 
with nonnegative and bounded holomorphic bisectional curvature and 
maximal volume growth. Then M is biholomorphic to C". 
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Here maximum volume growth means that 



(1.1) Vol{B{p,r)) > Cir""; Vr G [0, oo) 

for some Ci > and p G M. Maximum volume growth of such a Kahler 
manifold is closely related to the the average quadratic curvature decay 
condition 

(1-2) 77^ [ R< 



for some C2 > 0, all a; G M and all r > 0. Here B^{r) is the geodesic 
ball around x with volume K.(r) and R is the scalar curvature of M. 
It was conjectured by Yau that (jl.lj) implies ()1.2|) for a complete non- 
compact Kahler manifold with non-negative holomorphic bisectional 
curvature. Provided that the curvature is bounded, this was recently 
confirmed by Ni (this was earlier confirmed by Chen-Tang-Zhu jTO] 
for the case of dimension 2 and Chen-Zhu [E| in all dimensions under 
the additional condition that the curvature operator is nonnegative). 
In general, (1.2) does not imply (1.1). However, one may expect that 
Theorem 11.11 is still true if we replace the maximal volume growth 
condition with average quadratic curvature decay. We confirm this 
expectation in the following 

Theorem 1.2. Suppose {M"',g) has holomorphic bisectional curvature 
which is bounded, non-negative and has average quadratic curvature 
decay. Then M is holomorphically covered by C". 

Theorem 11.21 was proved by the authors in under the additional 
assumption that the curvature operator is non-negative. 
As in jH], we will use the Kahler-Ricci flow: 



:i.3) 



gij{x,0) =gij{x). 



For (M, g) as in Theorem 11.21 it is now well known by 39^ (see 
also jn3) that (jl.3|) has a long time solution g{t), < t < 00. If we 
let g{x,t) = e~*^(a;,e*), then we obtain a solution to the normalized 
Kahler-Ricci flow 

d 

(1.4) di^'^^^' " -Rij{x, t) - gij{x, t) 

for — 00 < t < 00. Moreover g{t) has uniformly bounded nonnegative 
holomorphic bisectional curvature on M x (— cx), cxd) by [^, |39j and 
and for any A; > 1 the norms \D''Rm\ of the covariant derivatives of 
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the curvature tensor of g(t) with respect to g(t) are uniformly bounded 
on M X [a, oo) for any a > — oo. 

We will also prove a uniformization theorem for eternal solutions to 
the Kahler-Ricci flow. Recall that an eternal solution of the Kahler- 
Ricci flow on a complex manifold M is a smooth family of complete 
Kahler metrics g{t) on M satisfying 

d 

(1.5) Q^9ij{x,t) = -Rij{x,t) 
for all t G {—oo, oo). We prove that 

Theorem 1.3. Let {M,g{t)) be a complete eternal solution to m.5]} 
such that for all t, g{t) has non-negative holomorphic bisectional cur- 
vature which is uniformly bounded on M independent oft. Then M is 
holomorphically covered by C". 

As before, by j36j and ||21j, \D''Rm\ is also uniformly bound on M x 
[a, oo) for g(t) for any a > — oo. 

Remark 1.1. By the results of (see also [21 E3])! if M is complete 
noncompact with bounded nonnegative bisectional curvature and if the 
curvature decays faster than quadratic in the average sense, then M is 
fiat. Hence Theorem 1.2 addresses the maximal (quadratic) curvature 
decay case for nonfiat M. On the other hand, by the Harnack inequality 
and the decay estimates in [311 section 6] (see also |32| Corollary 
2.1], it is seen that the average curvature of {M,g) in Theorem 1.3 
cannot decay faster than linearly uniformly at all points. In this sense. 
Theorem 1.3 addresses the case of minimal (linear) curvature decay by 
the results in ^33j. 

By comparing ()1.4|) and ()1.5p , we may combine Theorems 11.21 and 
11.31 in the following: 

Theorem 1.4. Let M" be a noncompact complex manifold. Suppose 
there is a smooth family of complete Kahler metrics g{t) on M such 
that for K = or 1, g{t) satsifies 

d 

(1.6) di^'^^^' " -Riji^, t) - i^9ij{x, t) 

for all t G (— oo, oo) such that for every t, g{t) has uniformly bounded 
non-negative holomorphic bisectional curvature on M independent of 
t. Then M is holomorphically covered by C". 

By the results in [4 , if in Theorem 11.41 we assume that the Ricci 
curvature is positive and the scalar curvature attains its maximum in 
spacetime, then {M,g{t)) is a gradient Kahler-Ricci soliton of steady 
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type if K = 0, and of expanding type if k = 1. By the results in |21 EI, 
M is biholomorphic to C". Hence Theorem II .41 can also be considered 
clS cl generalization of the results in [21 E] . 

On the other hand, it was proved by Fangyang Zheng, see jHSl Theo- 
rem 5.2], that a complete noncompact Kahler manifold with nonnega- 
tive sectional curvature and with positive Ricci curvature at some point 
is simply connected. Hence we have the following: 

Corollary 1.1. Let {M'^^g) he as in Theorem \l/A If addition, M has 
nonnegative sectional curvature and the Ricci curvature is positive at 
some point, then M is biholomorphic to C". 

Remark 1.2. If we take vr : M — M to be the universal holomorphic 
covering of M and let ^(t) = TT*{g{t)), then {M,g^) still satisfy the 
conditions of Theorem 11.41 To prove the theorem, it is sufficient to 
prove that M is biholomorphic to C". By j^, we may further assume 
that the Ricci curvature of 'g{x, t) is positive for all x and t. Hence 
from now on we assume M in Theorem 11.41 is simply connected and 
g{t) has positive Ricci curvature for all t. 

The Authors would like to thank Huai-Dong Cao, David Glicken- 
stein, Richard Hamilton, Lei Ni, Hung-Hsi Wu and Shing-Tung Yau 
for helpful discussions. 

2. Local limit solution 

Throughout the section, we assume {M,g(t)) satisfies the conditions 
of Theorem ll.4t and that M is simply connected and g{t) has strictly 
positive Ricci curvature for all t. Fix some point p G M, some time se- 
quence tfc — oo and consider the sequence (M, g(tk + t),p) of long time 
solutions to the Kahler-Ricci fiow centered at p. Suppose the injectivity 
radius of g{t) at p has a uniform lower bound. Then by Hamilton's com- 
pactness [20^ , this sequence has a convergent subsequence converging to 
a solution h{t) to the Kahler-Ricci fiow on a limit complex manifold A^. 
Furthermore, by Cao's classification of limits for Kahler-Ricci fiow 4j, 
this limit must either be a steady or expanding gradient Kahler-Ricci 
soliton, depending on whether A = or A = 1. In this section, we show 
that in the absence of an injectivity radius estimate, we may still have 
such a soliton limit, but in a local sense. We will consider a certain 
locally lifted subsequence hmit of {M,g(tk + t),p) around p. Our first 
goal will be to show that this local limit is also either an expanding or 
steady gradient Kahler-Ricci soliton in a certain sense f Theorem 12. 1|) . 
We will then relate this to the local asymptotic behavior of g{t) at p in 
our main Theorem 12.21 In the absence of injectivity radius estimates. 
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Glickenstein [THj constructed a global limit solution from a solution to 
the Ricci flow as above, allowing for the possibility of Gromov Haus- 
dorff convergence to a limiting metric space of dimension lower than 
that of M. We refer the reader to [TBI for details on the construction 
of this limit and its application, and in particular to ^3 1^ for ap- 
plications in three dimensions. Our local limit is just the first step of 
Glickenstein's construction and in fact depends only on Proposition 12. II 
and the simple fact that a lifting of a solution to the Ricci flow is still 
a solution to the flow. For recent work relating this and in general, on 
the existence and classification of limits to the Ricci flow, we refer to 
the works of Ye |44 and Lott j2Sj- 

Recall that from the time independent bounds on the curvature of 
g{t), we have corresponding bounds on all covariant derivatives of the 
curvature by the Kahler- Ricci flow. Hence for t > a with a > —oo, 
we may assume that these bounds on all covariant derivatives of the 
curvature of g{t) are also time independent. The proof of Proposition 
1.2 in 02] then gives (see also jHl Proposition 2.1]): 

Proposition 2.1. There exist positive constants r and C such that for 
each t > —1 there is a holomorphic map $t from the Euclidean ball 
D{r) (centered at the origin of C"' with radius r) to M satisfying the 
following: 

(i) $t is a local biholomorphism from D{r) to M; 

(ii) MO)=p; 

(iii) ^:{g{t)m=g,; 

(iv) ye<^*Mt))<Cge tnD{r). 

(v) for any < a < 1, and k > 0, the standard C^~^°' norm of 
^^{g{t)) in D{r) is hounded by a constant C which is indepen- 
dent oft > —1. 

where ge is the standard metric on C". 

Remark 2.1. Proposition 1.2 in only requires the first covariant 
derivative of the scalar curvature of g{t) to be bounded independent of 
t. In our case however, we have bounds on all covariant derivatives of 
the Riemannain curvature tensor independent of k. Condition (iv) is 
derived by continuing the argument in 021; or [H]. 

As in jS], the following proposition is crucial: 

Proposition 2.2. Let \i(t) > ■■■ > A„(t) > be the eigenvalues of 
Rijip, t) relative to gij{p, t) . 
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(i) For any r > 0, 

^ ^ det{Rij{p,t) + rgjj) 
det {gij{p,t)) 

is nondecreasing in t. 

(ii) There is a constant C > such that A„(t) > C for all t > 0. 

(iii) For 1 < i < n the limit lim^^oo ^i{t) exists. 

(iv) Let fii > ■ ■ ■ > fii > be the distinct limits in (iii) and let 
p > be such that the intervals [pk — P, fJ'k + p] for 1 < k < I 
are disjoint. For any t, let Ek(t) be the sum of the eigenspaces 
corresponding to the eigenvalues Xi(t) such that Xi(t) G {pk — 
p, Pk + p)- Let Pkit) be the orthogonal projection (with respect 
to g{t)) onto Ek{t). Then there exists T > such that if t > T 
and if w ^ Tp^'^\M), \Pk{t){w)\t is continuous in t, where \-\t 
is the length measured with respect to the metric g{p,t). 

Proof. The proof is identical to the proof of Proposition 3.1 in |H] for 
K = 1. Suppose K = 0. By Theorem 2.3 in |4j, if 

(2-1) Zij = + g'^^RjjRf.j 

then 

(2.2) Zijw'w'^ > 

for any w E T^^'^\M). Let pij = Rij + rgij and denote its inverse by 
(p*J). We have 



(2.3) 



p'' ( §-^R^J - rR^J ] + g'^R^, 



> p'^ (^-g'^^RuRkj - tR,^ + g'^Rij 

= p'^ (^-g'^RuRkj - rp,j) + + g^m, 



Now at the point (p, t), we choose a unitary basis such that gij = Sij 
and Rij = Xi6ij. Then pij = (A, + T)6ij and p*-' = (Aj + T)^^6ij. Hence 
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we have 

— Iog0 > - V - ™ + V + V Ai 
at ^ Aj + r ^ Aj + r ^ 

i=l 1=1 i=l 

(2.4) " / -A2 ^ \ 

1=1 ^ ' 
= 0. 

From this (i) follows. The proof of (ii)-(iv) is similar to the proof of 
(ii)-(iv) in Proposition 3.1 of [CT3]. □ 

For each k, consider the lifted family of metrics gk(t) := ^lg(tk + 
t) on D{r) for t G [— l,cxo), say. Then it is easy to see that gkit) 
solves the Kahler-Ricci flow p.6|) on D{r). Then by Proposition 12.11 
and the Kahler-Ricci flow it follows that some subsequence of gk{t) 
converges to a smooth limit family h{t), uniformly on compact subsets 
of D{r) X (—1, oo). It is easy to see that these are Kahler metrics on 
D for all t and that h{t) solves (jl.6|) . Moreover, by Proposition 12.21 
the eigenvalues of the Ricci tensor -R^(t) of h{t) at the origin are equal 
to limg^oo Aj(s) for any t G [0, oo). Therefore, /ii > /i2 > ■ ■ ■ > > 
are distinct eigenvalues of -R^(t) at the origin. By the uniform bounds 
on the covariant derivatives of the curvature tensor of h{t) in D{r) x 
(— 1, oo), and by Proposition 12. 2[ we may have the following inequality 
on D{r), for t > —1/2, and by choosing a smaller r if necessary: 

(2.5) B!1^ > Ch,j 

Theorem 2.1. Let Rc^jit) be the Ricci tensor of the metric hijit) on 
D{r). 

(i) For each t G [0, oo) we have 

Rcl^it) + Kh.j{t) = Uj{t) 

for some smooth function f{t) on D{r) such that fij{t) = and 
the gradient of f{t) in h{t) is zero at the origin. 

(ii) Let fii > fi2 > ■ ■ ■ > fJ'i > be as above. For 1 < i <l, let Ei 
be the eigenspace corresponding to fii of Ric^ (0,0) at t = at 
the origin with respect to h{0). Then Ei is also the eigenspace 
corresponding to fii of Ric^{0,t) for allt > at the origin with 
respect to h(t), 1 < i < I. 

To prove the theorem, we first prove a lemma which is a direct mod- 
ification of the results in In the case of k = 1, it will be more 
convenient to consider the transformed metric h(t) = th{\ogt) which 
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solves ()1.6p on D{r) x [e^^,oo) with k = 0. It is clear that h(t) is 
the limit of the transformed sequence gk{t) '■= tg^ilogt) uniform on 
compact sets of D{r) x [e~\ oo) which also satisfy with k = 0. 

Let Zij and Z^j be the Harnack quadratic tensors corresponding to 
h{t) and gk{t) respectively as defined in Theorem 2.1 in [4J. Namely 
for any holomorphic vector (V^) at a point q G D{r), 

(2.6) % = |4 + /^'^44 + + 4,^^ + 4;^r^^ + i4 

and is defined similarly. Denote the trace h^^Zij of Zij by Z. Note 
that Z is a smooth function defined on the holomorphic tangent bundle 
T(i.o)(Z)(r)). 

In = 0, then let and Qf^ be the Harnack quadratic tensors 

corresponding to h{t) and gk{t) respectively as defined in Theorem 2.3 
in Namely for any holomorphic vector {V^) at a point x G D{r), 

(2.7) Q^J = |4 + h^'R'kR^^ + RlkV-k + RiiVk + 4,,-^^^ 

and Qfj is defined similarly. Denote the trace k'^Qij of Qij by Q. 
Lemma 2.1. 

(i) For any holomorphic vector V G T^^'^\D{r)), Zij is a nonneg- 
ative quadratic form. Moreover, if Z is positive at some point 
q for all V G Tq^'^\D{r)) at t = Iq, then Z is positive for all 
t > to and for V E T(i'0)(D(r)). 

(ii) For any holomorphic vector V G T^^'°)(D(r)), Q^j is a nonneg- 
ative quadratic form. Moreover, if is positive at some point 
xq for all V G Tq^''^\D{r)) at t = to, then is positive for all 
t > to and for V e T(i'0)(D(r)). 

Proof. For any holomorphic vector W, Z^jW^W^ > for all k by The- 
orem 2.1 in [4 . Since Zij is the limit of the Z^jS on D{r) for all t, 
ZijWW^ > 0. This proves the first statement of (i). The first state- 
ment of (ii) can be proved similarly. 

To prove the second statement in (i), assume there is some Xq G D{r) 
and to > e"^ so that Z > for all V G T^l'^\D{r)). Given any T > to, 
we note that for C > there exists some K > such that given any 
point (x, t) G D{r) x [to, T] and V G Tx^'^\D{r)), with Euclidean length 
||l^|| > i^T, we must have 



(2.8) 



Z>C 
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at {x,t) and V. This follows from ()2.fij) . ()2.5j) and the fact that the 
curvature tensor of h{t) and its covariant derivatives in time and space 
are uniformly bounded on Dx [to, T] by constants independent of space 
and time by our estimates on the g'j^s. Hence there exist a neighborhood 
U of xq and e > such that Z > e for all holomorphic vector V at 
X E U ai t = to. 

Choose a smooth function F on D{r) such that F{xo) > 0, F is 
zero outside a small neighborhood of xq, and Z — ^ > for all in 

T(i'0)(D(r)) att = to. 

Let F evolve by the heat equation on D x [to,?"] with the following 
initial and boundary conditions: 

(2-9) F = on dDx [to,T] 

F{xM) = F{x) 

where is the Laplacian relative to h{t). F is then strictly positive in 
D X {to,T] by the strong maximum principle [33 Theorem 5, Chapter 
3]. We will show that Z := Z — ^ is also nonnegative for all V and 
{x,t) G -D X (to,^]- Without loss of generality we may assume h is 
smooth up to the boundary of D{r). Let Z assume its minimum over 
all {x,t) G D{r) x [to,T] and V, at some point (x, ti) and some vector 
Vq. This minimum exists by compactness and by ()2.8|) . Now assume 
this minimum is negative. Then by the initial condition of F, we must 
have ti > to- Also, by the non-negativity of Z and the zero Dirichlet 
boundary condition on F, we must have x strictly inside D{r). As in 
we may then extend Vq locally around (x, ti) in space-time such 
that (3.2) in 4] holds. At {x,ti) we then have 

(2.10) 



> 0. 

But this contradicts the fact that Z is minimal at {x,ti) and Vq. Thus 
Z is non-negative as claimed which completes the proof of (i) of the 
lemma. 
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We now consider the second statement of (ii). Assume there is some 
Xq G D{r) and to > such that Q is positive at (xo,to) for all V. 
As before, for any T > to we observe that given any C > 0, there 
exists some K > such that given any point {x,t) G D{r) x [tQ,T] 
and V G Tx^'^\D{r)) with Euclidean length ||V"|| > K, we must have 
Z > C at {x, t) and V. 

Hence we can choose a smooth function F on D such that F{xq) > 0, 
F is zero outside a small neighborhood of xq, and Q — F > for all 
V everywhere on D{r) at t = to. Let F evolve by heat equation on 
D X [to)^] with the following initial and boundary conditions: 

= AtF m D{r) x [to,t] 
(2-11) F = on dD{r) x [to,T] 

F(x,to) = i"(a;) 

where is the Laplacian relative to h{t). F is then strictly positive 
in D X (to, T] by the strong maximum principle. Now given any e > 0, 
we will show that Q := Q — F + ee^ is nonnegative for all V and 
(x, t) G D{r) X (to)^]- Letting e approach zero, this will prove that 
Q — F is nonnegative for all V and (x, t) G D{r) x (to, T], thus proving 
the lemma. 

Let Q assume its minimum over all (x, t) G D{r) x [to,^] and V, at 
some point (x, t) and some vector Vq. Now assume this minimum is 
negative. Then by our initial condition of F, we must have t > to- Also, 
by the non-negativity of Q and the zero Dirichlet boundary condition 
on F, we must have x strictly inside D{r). We may then extend Vq 
locally around (x,t) in space-time such that (3.1) in [4J holds. At (x,t) 
we then have 

(|-A.)gH|-A.)Q + ee* 
> 0. 

But this contradicts the fact that Q is minimal at (x,t) and Vq. Thus 
Q is non-negative as claimed which completes the proof of (ii). □ 

Proof of Theorem \2.1\ (i): We begin with the case where k = 1 in The- 
orem l2.l1 With the same notations as in the Lemma lTTI by Proposition 
and the arguments following (3.7) in we see that 

tR^{Q,t) 



Non-negatively curved Kahler manifolds with average quadratic curvature decay 11 



is constant for all t G [e ^, oo) where R'^ is the scalar curvature of h. 
Thus at the space time point (0, t) we have R'^ + t-^R^ = 0. Applying 
Lemma f2. II and following the exact argument in the proof of Theorem 
4.2 in 4J, we conclude that for each t G [e~^,oo) there is a smooth 
function f{t) on D{r) such that the gradient of f{t) is holomorphic 
and is zero at the origin. Moreover, we have 

(2.13) Rcl=f,j+hij. 

Transforming h back to h, it is easy to see that (i) in Theorem 12.11 is 
true for k = 1. 

We now consider the case of k = 0. By Proposition 12.21 we have 
R'^{0^t) is constant for t G [0, oo), and in particular, §[R^ = at the 
space time point (0,t). Applying Lemma [2.11 and following the exact 
argument in the proof of Theorem 4.1 in j4|, we conclude that for 
each t G [0, oo) there is a smooth function f{t) on D{r) such that the 
gradient of f{t) is holomorphic and is zero at the origin. Moreover, we 
have 

(2.14) R4=U 

This completes the proof of (i) in Theorem 12.11 

(ii): Let Ai > • ■ ■ > > be the eigenvalues of Rc^ at 0. Note that 
they are independent of t. Suppose v G TQ'^{D{r)) is not an eigenvector 
for Rc''{Q, 0) for A^. We will show that V can not be an eigenvector for 
Rc^{0,t) for all t G (0, cxd) for A^. It is sufficient to prove that, the 
quantity 

Fit) : = \Rc\0,t)iv,-) - X,hiO,t)iv,-)\l^,) 

(2.15) = h^\0,t){R^j{0,t) - \kh,jiO,t))v^ 

■{RUO,t)-\khr,{0,t))v' 

can never be zero, since this is zero at t if and only if v is an eigenvector 
for i?c^(0, t) with eigenvalue A^. Let to ^ [0, oo) be arbitrary. Choose a 
holomorphic coordinate in D{r) such that at G D{r) we have hij{tQ) = 
6ij and R^^ito) = Aj5jj. Let f{t) be as in Lemma ITTl It is not hard to 
show that we may choose some 1 > 5 > such that starting at any 
point p G D{6r) we may flow along — |V/(to) for t G [0, 1] while staying 
inside D{r) and let (ft be the local biholomorphism determined by the 
flow. Note that the origin is a fixed point of the fiow because V/(t) = 
at the origin. Let g{t) = (p^{h{to)) be the soliton metric on D{6r) x [0, 1) 
with initial condition g{0) = h{to). Then at G D{6r), in the above 
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coordinates, we have gij{t) = e and Rfj{t) = AjC 

For any k we then have 

G{t) := \Rc<^iO,t)iv,-) - \kg{0,t){vr)\lit) 
(2.16) ^J2{X,-\kf\vfe-^'''+''^' 

and thus 

G'{^) = Y.-{\ + k){X,- \k?\vf 

(2.17) 

> -{Xi + k)G{0). 

From the above equation, the fact that 5^(0) = /i(to) on D{Sr), and the 
fact that both g{t) and h{to + 1)) both solve jHH) on D{6r) x [0, 1), it 
follows that G(0) = -F(to) and G'(0) = F'(to). Hence for any choice of 
k we have F'{to) > — (Ai + K)F{to). But to ^ [0, oo) is arbitrary. Thus 
for any k we have F'{t) > — (Ai + n)F{t) for all t G [0, oo). It is now 
easy to see that if F{0) ^ 0, then Fii) cannot be zero for any t. This 
completes the proof of our claim. 

From the claim, we conclude that if v is an eigenvector of /i(t) for 
t > with eigenvalue A^, then v must be in E]^. Since the multiplicity 
of each eigenvalue /i^ is constant in t, from this it is easy to see the 
theorem is true. □ 



Now given {M,g{t)) as in Theorem 12.11 "we denote the eigenvalues of 
Rc{p, t) by Xi(t) for i = 1, n as before, and we let /i^, Ei^it) and Pk(t) 
for k = 1, / be as in Proposition 12.21 We let for m = 0, / — 1 
be such that Xk(t) G {fim — P, fi'm + p) for all rim < k < rim+i and t 
sufficiently large such that the intervals [pm — P, Pm + p] are disjoint 
as in Proposition 12.21 part (iv). For any nonzero vector v G Tp'°(M), 
let v{t) = v/\v\t where \v\t is the length of v with respect to g{t) and 
Vi{t) = P,{t)v{t). 

We now show that Theorem 4.1 in |H| is also true for {M,g{t)) in 
our case; that Rc{p, t) can be 'diagonalized' simultaneously near infinity 
and that g{t) is 'Lyapunov regular', to borrow a notion from dynamical 
systems (see P). 

Theorem 2.2. Let {M,g{t)) be as described in the beginning of the 
section. Then V = Ti^'^\M) can be decomposed orthogonally with 
respect to g{0) as Vi © ■ • ■ © VJ so that the following are true: 
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Ifv is a nonzero vector in Vi for some 1 < i < I, then lim^^oo \vi{t) \ 
1 and thus Rc{v(t),v{t)) = fii and 



hm - log --2 = -fit 





Moreover, the convergence are uniform over all f G VJ, \ {0}. 

(ii) For 1 < i,j < I and for nonzero vectors v & Vi and w E Vj 
where i 7^ j, limt^oo {vit),w{t))t = and the convergence is 
uniform over all such nonzero vectors v,w. 

(iii) dimtciVi) = Ui — ni_i for each i. 
fiv) 



-yUi - k) dime Vi = lim - log 



l,_det{gij{t)) 



t- 



00 t ^ det((/,j(0) ■ 



Proof. Let — 00 and construct g^ with limit h{t) as in Theorem 12 .11 
Observe that since h{t) is a smooth limit of the guit)' s on D{r) x [0, 00), 
the analog of Lemma 3.2 in 8J is true in our case. Using this and (ii) 
in Theorem 12.11 we may prove the theorem by contradiction exactly as 
in the proof of Theorem 4.1 in fSj. □ 

3. Transition maps 

Let {M,g{t)) be as in Theorem 11.41 and let p G M be fixed. In 
addition, we will assume that Rij > a'gij for some a' > at p and 
t = 0. Then by Proposition 12. 2( there exists a > such that 

(3.1) Rij>agij 

at p for all t > 0. Since the covariant derivatives Riemannian curvature 
tensor Rrrit of g{t) is uniformly bounded, we can conclude that by 
choosing a possibly smaller a > 0, (j3.1|) is still true in Bt{p, R) for some 
-R > independent of t, where Bt{p,R) is the geodesic ball of radius 
R with center at p with respect to the metric g{t). Since Bt^{p,R) C 
Bt^{p, R) for t2 > ti as g{t) is shrinking, we have 

(3.2) L,,(7)<e-t(*-*^)L,,(7) 

for any curve in Bt^ {p, R) . Here Lt denotes the length function with 
respect to g(t). 

Recall that by Proposition 12.11 there exist r > and C > inde- 
pendent of t > and a holomorphic maps '■ B>{r) —>■ M with the 
following properties: 

(i) $f is a local biholomorphism from D{r) onto its image; 

(ii) $t(0)=p; 

(iii) ^*Mt)m=g,; 
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(iv) < n{g{t)) < Cg, in D{r). 
where Qe is the standard metric on C". Let T > and denote sim- 
ply by $j. In this section, we want to construct injective holomorphic 
maps Fi from D{p) to D{p) for some p such that = $1+1 o i^j+i. We 
should emphasis that $j may not be a covering map. 

In this section, we always assume that t > 0. By property (iv) 
and reducing r if necessary, we may assume that $t(Z}(r)) C -Bt(p, -R), 
where i? > is such that (j3.2p is true. In fact, we have the following: 

Lemma 3.1. For any < p < r, there exists Ri > independent oft 
such that 

(3.3) Bt{p,^ )c<l>t{D{p))cBt{p,R,) 

Hi 

Proof. By (iv) above, it is easy to see that 

<^t{D{p))cBt{p,Ci) 

for some Ci > independent of t, where Bt{p,r) is the geodesic ball 
with radius r centered at p with respect to g{t). On the other hand, 
Bt{0,C2) C -D(p) for some C2 > independent of t, where Bt{0,C2) is 
the geodesic ball with radius C2 centered at with respect to ^^{g(t)). 
Hence 

MD{p)) D MM0,C2)) D Bt{p,C2). 
Prom this it is easy to see the lemma follows. □ 

Lemma 3.2. For any < p < r, where r is as in (i)-(iv), there 
exists pi > independent of t, satisfying the following for any t: Let 
•J be a smooth curve in M with 7(0) = q, such that q G Bt{p, pi) and 
^til) < Pi- Then ^t{z) = 1 for some z e -^(f); ond for all such z 
there is a unique lift 'j of 'y by $t so that 7(0) = z and 7 C -D(^). 

Proof. Let pi > be determined later. Let q G Bt{p, pi) and let 7(5), 
< s < pi be a curve from q parametrized by arc-length with respect 
to g{t). Suppose z G -D(|) with ^t{z) = q 

Since $4 is a local biholomorphism, there exists sq > and a curve 
7 from z with 7 C D{^p) such that $t ° 7 = 7 on [0, Sq]. Let A be the 
set of s, such that 7 has a lift 7 in D{\p) on [0, s] with 7(0) = z . Since 

is a local biholomorphism, A is open in [0, pi]. Suppose Sk — > s, and 
Sk G A. By (iv), there is a constant C > which is independent of t 
such that 

C"^^e(7l[0,Sfc]) < ivt(7|[o,,,]) < Pi. 

where Lg is the length with respect to ge- Hence 

i^e(7l[0,Sfe]) < Cpi < \p 
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if pi < ^p. Note that since 7(0) = z G Z^(|p), we may assume that 

7(sfc) X for some z\ G D(|p). From this it is easy to see that 7 can 
be hfted up to s while staying in Z}(|p) . Hence A is also closed. Since 
$j is a local biholomorphism, the lifting must be unique. In particular, 
by choose a smaller pi which is independent of t, we conclude that 
every minimal geodesic from p with length less than pi can be lifted to 
a curve in i5(|p). Hence for all q G pi), there is a point z G D{^p) 
such that $4(2) = Q'. This completes the proof of the lemma. □ 

Lemma 3.3. Fix t > 0. Let < p < r be given and let pi be as in 

Lemma U~^ Given any e > 0, there exists 6 > satisfying the following 
properties: 

Let 7(t), /3(r), r G [0, 1] be smooth curves from q G Bt{p, pi) with 
length less than pi and let zq G -D(|p) with ^t{zo) = q. Let 7, /3 be 
the liftings from zq of 7 and (3 as described in Lemma 15*. M Suppose 
dti'yir), /3{t)) < 5 for all t G [0,1], then 4(7(1), ^(1)) < e- Here dt is 
the distance in g{t) and 4 is the Euclidean distance. 

Proof. Since $f is a local biholomorphism, there is cr > such that $4 
is a biholomorphism onto its image when restricted on D{z,cr) for all 

z G D(^p), where D{z,a) is the Euclidean ball with center at z and 
radius a. _ 

Let q, Zq, 7, P, 7 and P as in the lemma. Since 7 C D{^p), by 
property (iv) of $j, there exists Ci > such that 

(3.4) $^(D(7(r)),a)Di?,(7(r),CrV) 
and 

(3.5) 4(7(r),^)<Ci4(7(r),$t(^)) 

for all z G D(7(r),cr) with $4(2) G 5i(7(r), Cf V). Note that Ci is 
independent of the curves 7 and /3. 

Given < e < a, let < 5 < Cf < C{^a. Suppose P and /5 are 
as in the lemma such that 4(7(^)5 /5(t)) < 6 for all r. Since 7(0) = 
/?(0) = 2:0, we have de(^{T), P{t)) < e in [0,tq] for some tq > 0. Let 
A be the set r in [0, 1] such that 4(7(r'), ^(r')) < e for all r' G [0,r]. 
Then A is nonempty and is open. Suppose Tk E A and r/c r. Then 

4(7(r) J(r)) < e. 

Since e < a, S < CfV, by ()3.5|) and the fact that $t(7(r)) = 7(r), 
$j(^(r)) = /?(r), we have 



4(7(^),/?(r)) < Ci4(7(r),/3(r)) < < e. 
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Hence t & A and A = [0,1]. This completes the proof of the lemma. □ 

Apply Lemma ISI21 to p = r and choose pi as in the lemma. Note that 
pi is independent of i and T. For any z G D{r), let 7*(t), < r < 1, 
be the line segment from to z, and let 7 = <l>j o 7*. By (13. 2j) and 
property (iv) for there is a constant Ci > independent of i and T 
such that 

(3.6) L,+i(7) < e-t^L,(7) < de't^r. 

Now we choose T > large enough so that Cie^^^r < pi. Then by 
Lemma there is a unique lift 7 of 7 by so that 7(0) = and 
7 C -D(§). We then define Fi^i{z) = 7(1). -Fj+i is then well-defined by 
the uniqueness of the lifting. We have: 

Lemma 3.4. The maps Fj+i satisfy the following: 

(a) Fi+i : D(r) ^ F,+i(0) = and = $^+1 o F^+i. 

(b) For each i, Fj+i is a local biholomorphism. 
(c) 

bi\v\ < \F^+i{0)v\ < b2\v\ 

for some < 61 < 62 < 1 for all i and for all vector f G C", 
where F' is the Jacobian of F. 
(d) There exist r > ri > and < < 1 independent of i such 
that 

\Fi+i{z)\ < e\z\ 

for all i and for all z G D{ri) and Fj+i is injective on D{ri). 

Proof, (a) follows immediately from the definition of -Fi+i. 

To prove (b), let us first prove that Fj+i is continuous. Let zq G D{r), 
7*(''"), < r < 1, be the line segment from to Zq, 'y = o 7* and 7 
is the lift of 7 by with 7(0) = 0. Let w = 7(1) = Fi^i{zQ). Given 
e > 0, let (5 > be as in Lemma 13.31 for 

We may assume that \zo\ < 1 — r] for some r] > 0. Since $j is 
uniformly continuous on D{1 — ri/2), there exists a > such that if 
\zi - Z2\<(T, zi, Z2 G D{1 - 7]/2), then di{^i{zi), $,(22)) < 5- 

Moreover, it is easy to see that we can find 5' > such that if 
ko ~ CI < then the ray [3* defined on [0,1] from to C satisfies 
|7*(r) - I3*{t)\ < o and (5* C 1^(1 - ?7/2). Let C be such a point in 
D{r) with /5* as above and let /3 = o Hence we have 

ci,+i(7(r),/3(r))<rf,(7(r),/3(r))<5. 

By Lemma HO if /3 is the lift of /5 by $^+1 with ^(0) = 0, then |7(1) - 
/3(1)| < e. That is to say, |Fj_|_i(zo)— -^i+i(C)l < e and Fj+i is continuous. 
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Now it is easy to see that Fj+i is a local biholomorphism. In fact, 
suppose Fi+i{z) = w and suppose ^i{z) = x and $j+i(u') = y. Let 
ei > be such that $j and are biholomorphisms when restricted on 
D{z, ei) and D{w, ei) respectively. Since Fj+i is continuous, we can find 
< Si < ei, such that Fi^i{D{z, 6i)) C D{w, ei). Since $j = •I'j+ioFj+i, 
we have 

= ^r^i o 

on i?e(2, ^i)- Hence Fj+i is a local biholomorphism. 

To prove (c), by properties (ii), (iii) of $t, the fact that Fj+i = 
^i+i o near the origin, the fact that Rij{t) is uniformly bounded and 
(|3.1|) . it is easy to see that (c) is true. 

To prove (d), by gradient estimates, we have 

Fi+iiz) = F,+i(0) + F:^,{0)z + H,{z) = FUMz + ^.(^) 

where \H[[z)\ < C\z\ for some constant C independent of i on D{^r), 
say. Hence by (c), there exist r > ri > and 1 > rj > 0, independent 
of i such that Fj+i : D{ri) D{ri) so that 

\Fi+i{z)\ <e\z\ 

for all i and for all z G D{ri) and Fj+i is injective on D{ri). □ 

By this lemma and Theorem \2.2\ using the method in |Hl §5], we can 
prove the following: 

Lemma 3.5. Let F.i he as in Lemma "J^ There exist biholomorphisms 
Gi on C" and polynomial maps Ti with the following properties: 

(a) Tj(0) = 0, r/(0) = Id, and sup^g^j-^) < Ci for some 
constant Gi independent of i. 

(b) G'j(O) = and for all open set U containing the origin 

oo 

\J{Gio...oGk)-\U) = C\ 

k=l 

(c) There exist < r2 < ri and G2 > independent of k > 1 such 
that 

converges uniformly on D{r2) as I ^ 00 to an injective holo- 
morphic map such that 

(d) By choosing r2 smaller if necessary, we may have that Ti is in- 
jective onD{r-2) suchthatT~^ is defined on D{r 2) andT~^[D[r2)) C 
D{r) for all i. 
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4. Proof of the main theorem 

We are ready to prove Theorem 11.41 By Remark II. 2^ it is suffi- 
cient to assume that M is simply connected and g{t) has positive Ricci 
curvature for all t. 

Let $j be as in the previous section so that one can define Fi which 
satisfy Lemma f3. 41 Let Gj, Tj, r2, Ci and C2 be as in Lemma f3. 51 We 
want to construct a biholomorphism from C" onto M as follows: Let 
ni = {GiO---o G^)-^{D{r2)) and define 

S, = ^ioT-^oGi0...oGi 

which is defined on f2j by Lemma f3. 51 

Theorem 11.41 will be proved if we can prove that Si converges to a 
bihololomorphism from C" onto M. We will prove this in several steps 
as described in the following lemmas. 

Lemma 4.1. For all z G C", limj^oo Si{z) = S{z) exists. 

Proof. Let k be fixed and consider Uk = {G^ o • ■ ■ o Gi)~^{i^D{r2))., 
where C2, r2 are as in Lemma EHfc). Let as in Lemma ITM c). Since 
the convergence in the lemma is uniform in D{r2), and G^^^ o G^^g ° 
■ ■ ■ o G^li o Tk+i o Fk+i o ■ ■ ■ o Fk+2 o Fk+i and are injective, we can 
find < p < r2 and Iq such that 
(4.1) 

Cfc+i o G^l, o...oG^l,o n+i o o . . . o Fu+2 o (p) ) D D ( ^rs) 

if / > If). Hence for every I > Iq we have: for every z G Uk, there exists 

Ci G -D(p) such that 

(4.2) 

^ ° • ■ ■ ° G'fc ^ ° Gkli ° ■ • ■ ° G'fci ° Tk+i o Fk+i o ■ ■ • o Fk+2 o Ffc+i (0) = z. 
Hence 

5*^+^(2:) = <l>fc+i o T^_li o Gfe+i o • • ■ o ^1(2:) 
(4.3) = ^k+l o o • • ■ o o i^fc+i(0) 

= MO)- 

Take two such subsequences Q. and Cr. such that (i. — > w and Cr. = 

■'3 3 

as j ^ 00 with w,w' G D{p). Since the convergence in Lemma (3.51 is 
uniform, by (j4.2|) we have 

O . . . O ^ O ^fc(w7) = ^ = O . . . O ^ O ^fc(w7'). 
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Hence we must have w = w' and so (i ^ w as I ^ oo. By (|4.3j) . we 
have 

hm Sk+i{z) = 

(4.4) 

Hence S = hnij^oo Si exists on Uk- By Lemma [J^Uk = C", 
from this the lemma follows. □ 

Lemma 4.2. S is a local biholomorphic map from C" into M. 

Proof. This follows from ()4.4|) immediately. □ 

Lemma 4.3. For any e > 0, <l>fe(D(e)) = M. 

Proof. Since the Ricci curvature of g{0) is positive, for any i? > 0, we 
have Rij{x, 0) > agij{x, 0) for some a > for all x G i?o(P) -R) which is 
the geodesic ball with respect to g{0). Let Aj(x, t) be the eigenvalues 
of Rij{x,t) with respect to g{t). Then Xi{x,t) < C for some constant 
C independent of x and t. On the other hand, by Proposition 12.21 we 
have nr=i'^j(^'^) — ^ ^ Bq{p,R). Hence there exists 6 > 

independent of t such that 

Rijix, t) > bgij{x, t) 

for alH > and x G -Bo(P) -R)- By the Kahler- Ricci flow equation, we 
conclude that 

B^{p,R)cBt{p,e-'^'R). 
From this and Lemma f3. II the lemma follows. □ 

Lemma 4.4. 5* is surjective. 

Proof. From the proof of Lemma 14.11 we conclude that 

for all k. From this. Lemma (4.31 and the proof of Lemma (3.51 (c), it is 
easy to see that ^(C") = M. □ 

Lemma 4.5. S is injective. 

Proof. Suppose there exists distinct 2:1,^2 G C" such that S{zi) = 
S{z2) = q. Let cr(r), < r < 1 be the line segment from Zi to Z2. 
Let ^ = S o a. Then 7 is a smooth closed curve in M starting from q. 
Since M is simply connected, we can find a smooth homotopy a{s, r), 
< s, r < 1, with a(0,r) = 7(r), Q;(l,r) = q (the constant map), and 
a{s, 0) = a{s, I) = q for all s. 
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By Lemma there exists < p < r2 and rj > which are inde- 
pendent of i such that "^^^ is defined on D{ri) and 



For p > let pi > be such that Lemma 13.21 is true. By the proof 
of Lemma 11731 there exists fco such that if k > k^, then q G Bk{p,pi) 
and Lfc(a(s, ■)) < pi for all s, where Bk{p, pi) is the geodesic and 
Lk is the length with respect to g{kT). We may also assume that 
a C o ■ ■ ■ o G^^{D{ri)) provided ko is large enough. 

Now fix A; > /eq. Let 7 = o Gfc o ■ ■ ■ o Gi o a. Then 7 C D(f ) 
by and it is a lift of 7 by by (jO|) . Moreover, if 7(0) = Wi, 
and 7(1) = W2, then wi 7^ W2 because Gj and are injective. Since 
^kiwi) = $A:(w2) = 1^ Bk{p,pi), by Lemmainm for any s, there is a 
lift /35(r) of a(s,r) by <l>fc such that ^^(0) = Wi and jSg C -D(f). 

We claim that /9s (1) = tf2- Let e > be such that $fc is a biholomor- 
phism onto its image when restricted on Be{w2, e). For such e > 0, let 
5 > be as in Lemma f3. 31 On the other hand, let ^ > be such that 



for all r, if |si — S2I < ^■ 

Hence by Lemma EISl if < s < ^ then G Be{w2,e). But 

= 1) = q, and $/s is injective on Be{w2,e). Thus we 
have = 1^2 for < s < In particular, = W2- By ()4.(ij) 

and Lemma ISISl we can argue as before and conclude that /32g(l) = u)2. 
Continue in this way, we have that = W2- On the other hand, jSi 

is a lift of ■). Hence $fc(/5i(r)) = q for all r. Since Wi 7^ W2, there 
is T with |/9i(t) — W2I = f • This is impossible because $fc is a injective 
on Be{w2, e). □ 

Now Theorem 11.41 follows from Lemmas 14.21 14.41 and 14.51 
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